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ON THE UNIQUENESS OF COMPLETE BICONSERVATIVE
SURFACES IN 3-DIMENSIONAL SPACE FORMS
SIMONA NISTOR, CEZAR ONICIUC
Abstract. Biconservative surfaces are surfaces with divergence-free stress-bienergy
tensor. Simply connected, complete, non-CMC biconservative surfaces in 3-
dimensional space forms were constructed working in extrinsic and intrinsic ways.
Then, one raises the question of the uniqueness of such surfaces. In this paper we
give a positive answer to this question.
1. Introduction
Biharmonic submanifolds can be viewed as a generalization of minimal subman-
ifolds, and in the last two decades they have been studied intensively. The charac-
terizing equation of biharmonic submanifolds, i.e., the biharmonic equation, can be
decomposed in its tangent and normal parts.
The biharmonic submanifolds are rather rigid, while the biconservative ones are
obtained by relaxing the biharmonicity condition. More precisely, the biconservative
submanifolds are defined by divS2 = 0, where S2 is the stress-bienergy tensor, and
are characterized by the tangent part of the biharmonic equation. Thus, we have
more examples of biconservative submanifolds, also when biharmonic submanifolds
do not exist (see [3, 5, 8, 10,11,18–20]).
Despite their characterization being simpler than in the biharmonic case, the bi-
conservative submanifolds have interesting geometric properties. A most remarkable
one is the fact that the Hopf differential associated to a biconservative surface in an
arbitrary Riemannian manifold is holomorphic if and only if the surface is CMC,
i.e. it has constant mean curvature.
Biconservative hypersurfaces in space forms Nm+1(ǫ) of constant sectional curva-
ture ǫ are characterized by
A(grad f) = −f
2
grad f,
where A is the shape operator and f = traceA is the mean curvature function.
Obviously, any CMC hypersurface in a space form is biconservative, and there-
fore, when working in space forms, one is interested in the study of non-CMC
biconservative hypersurfaces, i.e. grad f 6= 0 at any point of an open subset.
The explicit parametric equations of biconservative surfaces inN3(ǫ) with grad f 6=
0 at any point have been found in [1,4,7] and then, using these equations, simply con-
nected, complete surfaces with grad f 6= 0 on a dense subset have been constructed.
These constructions were achieved in both extrinsic and intrinsic approaches. The
intrinsic way is to first construct the abstract domain of the immersion, while the
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extrinsic one is to work with their explicit parametric equations (see [12–14]). The
following issue appears naturally:
Open question. The only simply connected, complete, non-CMC biconservative
surfaces in N3(ǫ) are the ones given above, up to isometries of the domain and the
codomain.
The answer to the open question is positive when considering complete, regular,
biconservative surfaces in 3-dimensional Euclidian space R3 (see [15]).
In this paper, we show that if ǫ ∈ {−1, 0, 1}, then the answer is also positive,
even if we drop the regularity condition, that is the immersions do not have to be
homeomorphisms on their images.
Our paper is organized as follows. In Section 2 we review some known results on
the properties of biconservative surfaces in N3(ǫ) that will be further used.
In Section 3 we follow the same idea as in [14], where the ambient space is the 3-
dimensional hyperbolic space H3, to construct, in an intrinsic way, simply connected,
complete, non-CMC biconservative surfaces in the 3-dimensional unit Euclidean
sphere Φ1,C :
(
R
2, g˜1,C
)→ S3, where C > 4/√3 is a real parameter. More precisely,
writing the metric of the abstract standard biconservative surfaces in a convenient
way, we first construct the abstract domains of the biconservative immersions, i.e.,(
R
2, g˜1,C
)
, and the shape operator. Then we use the Fundamental Theorem of Sur-
faces in S3 in order to prove the existence and the uniqueness of Φ1,C (see Theorem
3.11). The difficult part is that, in order to obtain the abstract domains of the im-
mersions we are looking for, one has to glue an infinite number of abstract standard
biconservative surfaces. As the above method also works when ǫ = 0, we get a uni-
tary procedure to construct simply connected, complete, non-CMC biconservative
surfaces in any N3(ǫ).
In the last section we prove that the simply connected, complete, non-CMC bicon-
servative surfaces in N3(ǫ) obtained before are the only ones with these properties.
The idea of the proof is to show that if Φ : M2 → N3(ǫ) is a simply connected,
complete, non-CMC biconservative surface then M must be isometric to
(
R
2, g˜ǫ,C
)
,
for some constant C, and then to use a theorem of the same type as Theorem 3.11
in order to conclude with Φ = Φǫ,C .
Conventions. We assume that all manifolds are connected and oriented, and use
the following sign conventions for the rough Laplacian acting on sections of ϕ−1(TN)
and for the curvature tensor field of N , respectively:
∆ϕ = − traceg
(∇ϕ∇ϕ −∇ϕ∇)
and
RN (X,Y )Z = [∇NX ,∇NY ]Z −∇N[X,Y ]Z.
2. General properties of biconservative surfaces in N3(ǫ)
In this section we recall some properties of biconservative surfaces in space forms
with nowhere vanishing grad f .
Theorem 2.1 ([1]). Let ϕ :M2 → N3(ǫ) be a biconservative surface with grad f 6= 0
at any point of M . Then the Gaussian curvature K satisfies
(i)
K = detA+ ǫ = −3f
2
4
+ ǫ;
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(ii) ǫ − K > 0, gradK 6= 0 at any point of M , and the level curves of K are
circles in M with constant curvature
κ =
3| gradK|
8(ǫ−K) ;
(iii)
(ǫ−K)∆K − | gradK|2 − 8
3
K(ǫ−K)2 = 0,
where ∆ is the Laplace-Beltrami operator on M .
In particular, it follows that, choosing H/|H| as the unit normal vector field, we
have f > 0.
Theorem 2.2 ([1]). Let M2 be a biconservative surface in N3(ǫ) with nowhere
vanishing gradient of the mean curvature function f . Then
(2.1) f∆f + | grad f |2 + 4
3
ǫf2 − f4 = 0,
where ∆ is the Laplace-Beltrami operator on M .
We recall now a classical result concerning the existence of CMC surfaces in
N3(ǫ).
Theorem 2.3 ([9]). Let ϕ :
(
M2, g
)→ N3(ǫ) be a CMC surface. Then |H|2 + ǫ−
K ≥ 0 at any point, and either |H|2+ ǫ−K = 0 everywhere, i.e., M is umbilical, or
|H|2+ǫ−K = 0 only at isolated points. Moreover, on the set where |H|2+ǫ−K > 0,
we have
∆ log
(|H|2 + ǫ−K)+ 4K = 0,
or, equivalently,
(2.2)
(|H|2 + ǫ−K)∆K − | gradK|2 − 4K (|H|2 + ǫ−K)2 = 0.
Remark 2.4 ([17]). If ϕ :
(
M2, g
) → N3(ǫ) is a minimal surface, i.e., H = 0, the
conclusions of Theorem 2.3 are still valid.
Next, we recall a uniqueness result, that was first stated, as a remark, in [2].
Theorem 2.5 ([2]). Let
(
M2, g
)
be an abstract surface and ǫ ∈ R an arbitrarily fixed
constant. If M admits two biconservative immersions in N3(ǫ), both with nowhere
vanishing gradient of the mean curvature function, then the two immersions differ
by an isometry of N3(ǫ).
In the same paper [2], the authors proved the following characterization theorem
for biconservative surfaces in N3(ǫ) and found some properties of them.
Theorem 2.6 ([2]). Let
(
M2, g
)
be an abstract surface. Then M can be locally
isometrically embedded in a space form N3(ǫ) as a biconservative surface with the
gradient of the mean curvature function different from zero everywhere if and only if
the Gaussian curvature K satisfies ǫ−K(p) > 0, (gradK)(p) 6= 0, for any p ∈ M ,
and its level curves are circles in M with constant curvature
κ =
3| gradK|
8(ǫ−K) .
Theorem 2.7 ([2]). Let
(
M2, g
)
be an abstract surface with the Gaussian curvature
K and ǫ ∈ R an arbitrarily fixed constant, and assume that (gradK)(p) 6= 0 and
ǫ−K(p) > 0 at any point p ∈M . Let X1 = gradK/| gradK| and X2 ∈ C(TM) be
two vector fields on M such that {X1(p),X2(p)} is a positively oriented orthonormal
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basis at any point p ∈ M . If the level curves of K are circles in M with constant
curvature
κ =
3X1K
8(ǫ−K) =
3| gradK|
8(ǫ−K) ,
then, for any point p0 ∈ M , there exists a positively oriented parametrization X =
X(u, v) of M in a neighborhood U ⊂M of p0 such that
(i) the curve u → X(u, 0) is an integral curve of X1 with X(0, 0) = p0 and
v → X(u, v) is an integral curve of X2, for any u and v;
(ii) K(u, v) = (K ◦X)(u, v) = (K ◦X)(u, 0) = K(u), for any (u, v);
(iii) for any pair (u, v), we have
g11(u, v) =
9
64
(
K ′(u)
ǫ−K(u)
)2
v2 + 1,
g12(u, v) = − 3K
′(u)
8(ǫ−K(u))v, g22(u, v) = 1;
(iv) the Gaussian curvature K = K(u) satisfies
24(ǫ−K)K ′′ + 33(K ′)2 + 64K(ǫ−K)2 = 0.
Now, using Theorems 2.5 and 2.7, we can prove that any biconservative immersion
from the above abstract domain in N3(ǫ) has the property grad f 6= 0 at any point.
More precisely, we have
Theorem 2.8 ([12]). Let
(
M2, g
)
be an abstract surface and ǫ ∈ R an arbitrarily
fixed constant. Assume that ǫ−K > 0 and gradK 6= 0 at any point of M , and the
level curves of K are circles in M with constant curvature
κ =
3| gradK|
8(ǫ−K) .
If there exists a biconservative immersion ϕ :
(
M2, g
) → N3(ǫ), then grad f 6= 0
and f > 0 at any point of M . Moreover, the immersion ϕ is unique.
Proof. Assume that there exists a biconservative immersion ϕ :
(
M2, g
) → N3(ǫ).
First, we will prove that grad f 6= 0 at any point of an open dense subset of M .
Indeed, if the set
Ω = {p ∈M : (grad f)(p) 6= 0}
were not dense, then grad f would vanish on M \ Ω, which is an open, non-empty
set. Let us denote by V a connected component of M \ Ω. We note that V is also
open in M . Using Theorem 2.7, we have
(2.3) 24(ǫ−K)K ′′ + 33 (K ′)2 + 64K(ǫ −K)2 = 0.
On the other hand, as ϕ is CMC or minimal on V , using the same local coordinates
(u, v) as above, and the fact that |H|2 + ǫ−K > 0, equation (2.2) can be rewritten
as
(2.4) 8(ǫ−K)K ′′ +
(
8(ǫ−K)
|H|2 + ǫ−K + 3
)(
K ′
)2
+32K(ǫ−K) (|H|2 + ǫ−K) = 0.
From equations (2.3) and (2.4), one obtains
(2.5) 3|H|2 (K ′)2 − 4K(ǫ−K)((|H|2 + ǫ−K)2 + 2|H|2 (|H|2 + ǫ−K)) = 0.
We note that(
K ′
)2
=
64
3
K3 − 640
9
ǫK2 + α(ǫ−K)11/4 + 704
9
ǫ2K − 256
9
ǫ3,
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where α ∈ R is a constant, is a first integral of (2.3). Now, if we replace (K ′)2 in
(2.5), one gets the following. If ϕ is minimal, then K has to satisfy a fourth order
polynomial equation with constant coefficients, with the leading term 4K4, or, if ϕ
is CMC, we obtain that K has to satisfy a 16-th order polynomial equation with
constant coefficients, with the leading term 256K16. In both situations, we come to
the conclusion that K has to be a constant, and this is a contradiction.
Thus, grad f 6= 0 on Ω, which is an open dense subset of M . From the Gauss
equation, K = ǫ+ detA, we obtain on Ω that
f2 =
4
3
(ǫ−K).
As Ω is dense in M , it follows that, in fact, the above relation holds on whole M .
Therefore, since ǫ−K > 0 and gradK 6= 0 on M , one obtains f > 0 and grad f 6= 0
at any point of M .
Finally, the uniqueness of ϕ follows from Theorem 2.5. 
Now, using Theorems 2.6 and 2.8 we can state the following result.
Theorem 2.9 ([12]). Let
(
M2, g
)
be an abstract surface and ǫ ∈ R an arbitrarily
given constant. Assume that ǫ−K > 0 and gradK 6= 0 at any point of M , and the
level curves of K are circles in M with constant curvature
κ =
3| gradK|
8(ǫ−K) .
Then, locally, there exists a unique biconservative embedding ϕ :
(
M2, g
) → N3(ǫ).
Moreover, the mean curvature function is positive and its gradient is different from
zero at any point of M .
Below, we give some equivalent conditions with the hypothesis from the above
theorem which will be very useful in the construction from the next section.
Theorem 2.10 ([2, 13, 16]). Let
(
M2, g
)
be an abstract surface and ǫ ∈ R an arbi-
trarily fixed constant. Assume that ǫ−K(p) > 0 and (gradK)(p) 6= 0 at any point
p ∈M . Let X1 = gradK/| gradK| and X2 ∈ C(TM) be two vector fields on M such
that {X1(p),X2(p)} is a positively oriented orthonormal basis at any point p ∈ M .
Then, the following conditions are equivalent:
(i) the level curves of K are circles in M with constant curvature
κ =
3| gradK|
8(ǫ−K) =
3X1K
8(ǫ−K) ;
(ii)
X2 (X1K) = 0 and ∇X2X2 =
−3X1K
8(ǫ−K)X1;
(iii)
∇X1X1 = ∇X1X2 = 0, ∇X2X2 = −
3X1K
8(ǫ−K)X1, ∇X2X1 =
3X1K
8(ǫ−K)X2.
(iv) the metric g can be locally written as g = e2σ
(
du2 + dv2
)
, where (u, v) are
positively oriented local coordinates, and σ = σ(u) satisfies the equation
σ′′ = e−2σ/3 − ǫe2σ
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and the condition σ′ > 0; moreover, the solutions of the above equation,
u = u(σ), are
u =
∫ σ
σ0
dτ√
−3e−2τ/3 − ǫe2τ + a
+ u0,
where σ is in some open interval I, σ0 ∈ I and a, u0 ∈ R are constants.
3. Complete biconservative surfaces in S3
From Theorems 2.6 and 2.10, we have the following local intrinsic characterization
of biconservative surfaces in N3(ǫ): if we consider an abstract surface
(
M2, g
)
with
ǫ−K(p) > 0 and (gradK)(p) 6= 0, for any p ∈M , then it locally admits a (unique)
biconservative immersion in N3(ǫ) with nowhere vanishing gradient of the mean
curvature function if and only if the metric g can be locally written as g(u, v) =
e2σ(u)
(
du2 + dv2
)
, where σ′(u) > 0, for any u, and u = u(σ) is given by
u(σ) =
∫ σ
σ0
dτ√
−3e−2τ/3 − ǫe2τ + a
+ u0,
a and u0 being real constants.
With the new coordinates (σ, v) the metric g can be written as
gǫ,a(σ, v) = e
2σ
(
1
−3e−2σ/3 − ǫe2σ + adσ
2 + dv2
)
,
and we have, for each ǫ, a one parameter family of such metrics. In order to find
a more convenient expression of the metric, we will change again the coordinates;
considering (σ, v) =
(
log
(
33/4/ξ
)
, θ/33/4
)
, ξ > 0, θ ∈ R, and denoting C = a√3/3 ∈
R, one obtains
gǫ,C(ξ, θ) =
1
ξ2
(
3
−ξ8/3 + Cξ2 − 3ǫdξ
2 + dθ2
)
,
where θ ∈ R and ξ is positive and belongs to an open interval such that T (ξ) =
−ξ8/3+Cξ2−3ǫ is positive. By a standard analysis, we determine the largest range
of ξ such that T (ξ) > 0, and we come to the following conclusion.
Theorem 3.1. Let
(
M2, g(u, v) = e2σ(u)
(
du2 + dv2
))
be an abstract surface, where
u = u(σ) is given by
u(σ) =
∫ σ
σ0
dτ√
−3e−2τ/3 − ǫe2τ + a
+ u0, σ ∈ I,
where a and u0 are real constants and I is an open interval. Then
(
M2, g
)
is
isometric to
(Dǫ,C , gǫ,C) =
(
(ξ01, ξ02)× R, gǫ,C(ξ, θ) = 1
ξ2
(
3
−ξ8/3 + Cξ2 − 3ǫdξ
2 + dθ2
))
,
where C, ξ01 and ξ02 are as follows:
• if ǫ = −1, then
(i) if C = 0, it follows that ξ01 = 0, and ξ02 = 3
3/8 is the vanishing point
of −ξ8/3 + 3;
(ii) if C < 0, it follows that ξ01 = 0, and ξ02 > 0 is the vanishing point of
−ξ8/3 + Cξ2 + 3;
(iii) if C > 0, it follows that ξ01 = 0, and ξ02 is the positive vanishing point
of −ξ8/3 + Cξ2 + 3 satisfying ξ02 > (3C/4)3/2;
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• if ǫ = 0, then C > 0, ξ01 = 0, and ξ02 = C3/2 > (3C/4)3/2 is the positive
vanishing point of −ξ8/3 + Cξ2;
• if ǫ = 1, then C > 4/√3 while ξ01 ∈
(
0, (3C/4)3/2
)
and ξ02 ∈
(
(3C/4)3/2 ,∞
)
are the vanishing points of −ξ8/3 + Cξ2 − 3.
Remark 3.2. We call the surface (Dǫ,C , gǫ,C) an abstract standard biconservative
surface, and, for each ǫ, we have a one-parameter family of abstract standard bicon-
servative surfaces indexed by C.
Remark 3.3. We note that, when ǫ = 1, we have
lim
ξցξ01
∣∣∣∣ ∂∂ξ
∣∣∣∣
2
= lim
ξրξ02
∣∣∣∣ ∂∂ξ
∣∣∣∣
2
=∞,
and therefore, the metric g1,C blows up at the boundary of D1,C .
The surface (Dǫ,C , gǫ,C) is not complete since the geodesic θ = θ0 cannot be defined
on the whole R, but only on a finite open interval. By standard computations it can
be proved that its Gaussian curvature is given by
Kǫ,C(ξ, θ) = Kǫ,C(ξ) = −ξ
8/3
9
+ ǫ.
Therefore,
(3.1) K ′ǫ,C(ξ) = −
8
27
ξ5/3 < 0
and
gradKǫ,C =
ξ2
(−ξ8/3 + Cξ2 − 3ǫ)
3
K ′ǫ,C(ξ)
∂
∂ξ
is nowhere vanishing on Dǫ,C . Obviously,
lim
ξցξ01
(gradKǫ,C)(ξ, θ) = 0 and lim
ξրξ02
(gradKǫ,C)(ξ, θ) = 0, θ ∈ R.
As the metric gǫ,C is not complete, as a way to obtain a complete one, denoted g˜ǫ,C ,
we will change one more time the coordinates and then we will glue, in a simple
way, two or more (isometric) metrics gǫ,C .
So, we will continue with the following change of coordinates
(ξ, θ) = (ξ0(ρ), θ) ,
where ξ0 = ξ0(ρ) is the inverse function of ρ0 which is given by
(3.2) ρ0(ξ) = −
∫ ξ
ξ00
√
3
τ2
(−τ8/3 +Cτ2 − 3ǫ) dτ,
ξ00 being an arbitrarily fixed constant in (ξ01, ξ02).
We are allowed to make the above change since ρ′0(ξ) < 0 for any ξ, i.e., ρ0 is a
strictly decreasing function. Moreover, we have the following lemma.
Lemma 3.4. Let the function ρ0 : (ξ01, ξ02)→ R defined by (3.2).
• If ǫ = −1, limξցξ01 ρ0(ξ) = limξց0 ρ0(ξ) = ∞ and limξրξ02 ρ0(ξ) = ρ0,−1,
where ρ0,−1 is a negative real constant.
• If ǫ = 0, then limξցξ01 ρ0(ξ) = limξց0 ρ0(ξ) =∞ and limξրξ02 ρ0(ξ) = ρ0,−1,
where ρ0,−1 is a negative real constant (we preserve the same notation of the
limit of ρ0 when ξ approaches ξ02, as in the case ǫ = −1).
• If ǫ = 1, limξցξ01 ρ0(ξ) = ρ0,1 and limξրξ02 ρ0(ξ) = ρ0,−1, where ρ0,1 is a
positive real constant and ρ0,−1 is a negative real constant.
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Proof. We note that the proof of this result, when ǫ = −1, was given in [14]. It is
easy to see that, by similar arguments, the case ǫ = 0 also holds.
From now on, we will consider the case ǫ = 1. In order to compute the limits of
ρ0 when ξ approaches ξ01 and ξ02, respectively, first we note that ρ0(ξ) is positive
for any ξ ∈ (ξ01, ξ00), and
ρ0(ξ) < −
√
3
ξ01
∫ ξ
ξ00
1√
−τ8/3 + Cτ2 − 3
dτ, ξ ∈ (ξ01, ξ00) .
Then, since
lim
ξցξ01
√
ξ − ξ01 · 1√−ξ8/3 + Cξ2 − 3 =
√
3
−8ξ5/301 + 6Cξ01
∈ [0,∞),
we get
lim
ξցξ01
∫ ξ
ξ00
1√
−τ8/3 + Cτ2 − 3
dτ > −∞.
Therefore,
lim
ξցξ01
ρ0(ξ) = ρ0,1 ∈ R∗+.
Similarly, we can see that ρ0(ξ) is negative for any ξ ∈ (ξ00, ξ02) and
ρ0(ξ) > −
√
3
ξ00
∫ ξ
ξ00
1√
−τ8/3 + Cτ2 − 3
dτ, ξ ∈ (ξ00, ξ02) .
Thus, the limit of ρ0 when ξ approaches ξ02 if finite, since
lim
ξրξ02
√
ξ02 − ξ · 1√−ξ8/3 + Cξ2 − 3 =
√
3
8ξ
5/3
02 − 6Cξ02
∈ [0,∞),
and so
lim
ξրξ02
∫ ξ
ξ00
1√
−τ8/3 + Cτ2 − 3
dτ <∞.
In conclusion,
lim
ξրξ02
ρ0(ξ) = ρ0,−1 ∈ R∗−.

With the above change of coordinates, the metric gǫ,C can be rewritten as
gǫ,C(ρ, θ) =
1
ξ20(ρ)
dθ2 + dρ2,
where
• (ρ, θ) ∈ (ρ0,−1,∞)× R, with ρ0,−1 < 0, if ǫ = −1;
• (ρ, θ) ∈ (ρ0,−1,∞)× R, with ρ0,−1 < 0, if ǫ = 0;
• (ρ, θ) ∈ (ρ0,−1, ρ0,1)× R, with ρ0,−1 < 0 and ρ0,1 > 0, if ǫ = 1;
Remark 3.5. We note that, when ǫ = 1, we have
lim
ρցρ0,−1
∣∣∣∣ ∂∂θ
∣∣∣∣
2
=
1
ξ202
∈ R∗+ and lim
ρրρ0,1
∣∣∣∣ ∂∂θ
∣∣∣∣
2
=
1
ξ201
∈ R∗+,
and thus, the metric g1,C can be smoothly extended to the boundary ρ = ρ0,−1 and
ρ = ρ0,1.
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In [14] we constructed a family of complete metrics g˜ǫ,C , when ǫ = −1. In that
case, it was enough to glue two metrics g−1,C (the same real constant C), along the
boundary, in order to obtain a complete surface
(
R
2, g˜−1,C
)
. Then, we prove that
from
(
R
2, g˜−1,C
)
there exists a unique biconservative immersion in H3. The same
steps can be also taken when c = 0. More precisely, if we glue two metrics g0,C
(the same positive real constant C), one gets a complete surface
(
R
2, g˜0,C
)
; then,
the existence and the uniqueness of a biconservative immersion from
(
R
2, g˜0,C
)
in
R
3 can be proved using the Fundamental Theorem of Surfaces in R3.
Remark 3.6. In fact, for ǫ = 0 we could reobtain Theorem 4.1 from [13] (where the
complete abstract surface was obtained by working with isothermal coordinates),
and for ǫ = 1 we could reobtain Proposition 4.17 from [13] (where the idea was to
notice that the abstract standard biconservative surface is isometric to a surface of
revolution in R3).
Further, we will focus on the case ǫ = 1. In order to construct a complete metric
g˜1,C , C > 4/
√
3, we can follow the same ideas as in [14], but in this case the gluing
process has to be performed for infinitely many times.
First we extend the surface ((ρ0,−1, ρ0,1)× R, g1,C) by “symmetry” with respect
to its boundary given by ρ = ρ0,1 and ρ = ρ0,−1, and then, continue this process for
infinitely many times, in order to obtain a complete surface.
More precisely, we extend the surface ((ρ0,−1, ρ0,1)× R, g1,C) to the “right hand
side”, i.e., we impose the line ρ = ρ0,1 to be an axis of symmetry. Therefore, we have
2ρ0,1 = ρ0(ξ)+ρ1(ξ), or, equivalently, ρ1(ξ) = 2ρ0,1−ρ0(ξ), where ρ1 : (ξ01, ξ02)→ R.
It is easy to see that
lim
ξցξ01
ρ1(ξ) = ρ0,1, lim
ξրξ02
ρ1(ξ) = 2ρ0,1 − ρ0,−1,
and, since ρ′1(ξ) = −ρ′0(ξ) > 0, for any ξ ∈ (ξ01, ξ02), it follows that ρ1 is strictly
increasing and the image ρ1 (ξ01, ξ02) is (ρ0,1, ρ0,2), where ρ0,2 = 2ρ0,1 − ρ0,−1.
Since ρ1 is a diffeomorphism on its image, we can consider ρ
−1
1 : (ρ0,1, ρ0,2) →
(ξ01, ξ02), with ρ
−1
1 : ξ1 = ξ1(ρ), ρ ∈ (ρ0,1, ρ0,2).
Clearly,
lim
ρցρ0,1
ξ1(ρ) = ξ01, lim
ρրρ0,2
ξ1(ρ) = ξ02.
We also note that the new surface(
(ρ0,1, ρ0,2)× R, 1
ξ21(ρ)
dθ2 + dρ2
)
is isometric to the initial surface(
(ρ0,−1, ρ0,1)× R, 1
ξ20(ρ)
dθ2 + dρ2
)
,
and, therefore, it is also isometric to the abstract standard biconservative surface.
In order to extend our surface to the left hand side, we impose the line ρ = ρ0,−1 to
be an axis of symmetry. Therefore, we have 2ρ0,−1 = ρ0(ξ)+ρ−1(ξ), or, equivalently,
ρ−1(ξ) = 2ρ0,−1 − ρ0(ξ), where ρ−1 : (ξ01, ξ02)→ R. It is easy to see that
lim
ξցξ01
ρ−1(ξ) = 2ρ0,−1 − ρ0,1, lim
ξրξ02
ρ−1(ξ) = ρ0,−1,
and, since ρ′−1(ξ) = −ρ′0(ξ) > 0, for any ξ ∈ (ξ01, ξ02), it follows that ρ−1 is strictly
increasing and ρ−1 (ξ01, ξ02) = (ρ0,−2, ρ0,−1), where ρ0,−2 = 2ρ0,−1 − ρ0,1.
Since ρ−1 is a diffeomorphism on its image, we can consider ρ−1−1 : (ρ0,−2, ρ0,−1)→
(ξ01, ξ02), with ρ
−1
−1 : ξ−1 = ξ−1(ρ), ρ ∈ (ρ0,−2, ρ0,−1).
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Clearly,
lim
ρցρ0,−2
ξ−1(ρ) = ξ01, lim
ρրρ0,−1
ξ−1(ρ) = ξ02
and we get a new surface isometric to the initial one.
We will continue this process, extending by symmetry with respect to the line ρ =
ρ0,r, for any r ∈ Z∗. We define ρ0,2 = 2ρ0,1−ρ0,−1; ρ0,3 = 2ρ0,2−ρ0,1 = 3ρ0,1−2ρ0,−1,
etc.; then ρ0,−2 = 2ρ0,−1 − ρ0,1; ρ0,−3 = 2ρ0,−2 − ρ0,−1 = 3ρ0,−1 − 2ρ0,1, etc.. Now,
we can generalize these formulas and define ρ = ρ0,r, r ∈ Z∗, by
ρ0,r =


rρ0,1 − (r − 1)ρ0,−1, r ≥ 1
(r + 1)ρ0,1 − rρ0,−1, r ≤ −1
.
Performing this process, we also obtain the functions ρr. For example, ρ1(ξ) =
2ρ0,1 − ρ0(ξ); ρ2(ξ) = 2ρ0,2 − ρ1(ξ) = 2ρ0,1 − 2ρ0,−1 + ρ0(ξ), etc.; then ρ−1(ξ) =
2ρ0,−1− ρ0(ξ); ρ−2(ξ) = 2ρ0,−2− ρ−1(ξ) = 2ρ0,−1− 2ρ0,1+ ρ0(ξ), etc.. Generalizing,
one obtains
ρr(ξ) =


r (ρ0,1 − ρ0,−1) + ρ0(ξ), r = 2p
(r + 1)ρ0,1 − (r − 1)ρ0,−1 − ρ0(ξ), r = 2p + 1
.
Since ρs is a diffeomorphism on its image, we can consider ξs = ξs(ρ) its inverse
function, for any s ∈ Z, and we note that
limρցρ0,2p ξ2p(ρ) = ξ02, limρցρ0,2p−1 ξ2p−1(ρ) = ξ01, p ≥ 1,
limρրρ0,2p ξ2p(ρ) = ξ01, limρրρ0,2p+1 ξ2p+1(ρ) = ξ02, p ≤ −1.
It is easy to see that
ρ′2s+1(ξ) > 0, ρ
′
2s(ξ) < 0, s ∈ Z,
and this is equivalent to
(3.3) ξ′2s+1(ρ) > 0, ξ
′
2s(ρ) < 0, s ∈ Z.
Now, we glue all functions ξs and obtain the function F : R→ [ξ01, ξ02] defined by
(3.4) F (ρ) =


ξ02, ρ = ρ0,r, r = 2p ∈ Z+, p ≥ 1
ξ01, ρ = ρ0,r, r = 2p − 1 ∈ Z+, p ≥ 1
ξr(ρ), ρ ∈ (ρ0,r, ρ0,r+1) , r ∈ Z+, r ≥ 1
ξ0(ρ), ρ ∈ (ρ0,−1, ρ0,1)
ξr(ρ), ρ ∈ (ρ0,r−1, ρ0,r) , r ∈ Z−, r ≤ −1
ξ01, ρ = ρ0,r, r = 2p ∈ Z−, p ≤ −1
ξ02, ρ = ρ0,r, r = 2p + 1 ∈ Z−, p ≤ −1
.
By some standard computations it is possible to verify that the non-vanishing func-
tion F is at least of class C3.
We also note that the function F is periodic and the principal period is 2 (ρ0,1 − ρ0,−1).
These properties of F are illustrated in Figure 1, where we chose C = 3.
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Figure 1. The graph of F
In order to write in a simpler way the metric, we consider the function
Γ : R→
[
1
ξ02
,
1
ξ01
]
, Γ(ρ) =
1
F (ρ)
,
which has the same properties as F .
In conclusion, we can state the next theorem.
Theorem 3.7. The abstract surface(
R
2, g˜1,C(ρ, θ) = Γ
2(ρ)dθ2 + dρ2
)
is complete.
Proof. In order to prove that the metric g˜1,C is complete, first we note that Γ(ρ) ≥
1/ξ02, for any ρ ∈ R, and then consider the metric
g˜0(ρ, θ) = m0
(
dθ2 + dρ2
)
, (ρ, θ) ∈ R2,
where m0 is the minimum between 1/ξ
2
02 and 1. As the metric g˜
0 is complete and
g˜1,C − g˜0 is non-negative at any point of the surface, it follows that g˜1,C is complete
(see [6]). 
Remark 3.8. Since
(
grad K˜1,C
)
(ρ0,r, θ) = 0, for any θ ∈ R, where K˜1,C is the
Gaussian curvature of
(
R
2, g˜1,C
)
, it follows, from Theorem 2.10 (ii), that the lines
ρ = ρ0,r are geodesics in
(
R
2, g˜1,C
)
, for any r ∈ Z∗.
Remark 3.9. Since the Gaussian curvature of the complete surface
(
R
2, g˜1,C
)
sat-
isfies
(
grad K˜1,C
)
(ρ0,r, θ) = 0, for any θ ∈ R, one cannot simply apply Theorem
2.6 and therefore, the existence of a (non-CMC) biconservative immersion from(
R
2, g˜1,C
)
in S3 is not guaranteed. So, our aim is to overcome this difficulty and
construct such an immersion.
In the following construction of a globally defined orthonormal frame field on(
R
2, g˜1,C
)
, for the sake of simplicity, we will omit to write the indices 1 and C. So,
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let us denote hs(ρ) = 1/ξs(ρ), for any s ∈ Z, and consider
0g(ρ, θ) = h20(ρ)dθ
2 + dρ2,
for any (ρ, θ) ∈ ((ρ0,−1, ρ0,1)× R),
rg(ρ, θ) = h2r(ρ)dθ
2 + dρ2,
for any (ρ, θ) ∈ ((ρ0,r, ρ0,r+1)× R), with r ≥ 1, and
rg(ρ, θ) = h2r(ρ)dθ
2 + dρ2,
for any (ρ, θ) ∈ ((ρ0,r−1, ρ0,r)× R), with r ≤ −1. It is easy to see that the Gaussian
curvatures of the above surfaces are given by
sK(ρ) = −h
′′
s(ρ)
hs(ρ)
, s ∈ Z,
and their derivatives are equal to
sK ′(ρ) =
−h′′′s (ρ)hs(ρ) + h′′s(ρ)h′s(ρ)
h2s(ρ)
.
We note that since sK(ρ) = K (ξs(ρ)), we have
sK ′(ρ) = K ′ (ξs(ρ)) ξ′s(ρ) and then,
using (3.1) and (3.3), it follows that sK ′(ρ) < 0, if s is odd, and sK ′(ρ) > 0, if s is
even.
Now, let us consider the vector fields
sX1 =
grad sK
|grad sK| , s ∈ Z,
defined on ((ρ0,−1, ρ0,1)× R), ((ρ0,s, ρ0,s+1)× R) or ((ρ0,s−1, ρ0,s)× R) if s = 0, s ≥ 1
or s ≤ −1, respectively. It is easy to see that
sX1 =
−h′′′s (ρ)hs(ρ) + h′′s(ρ)h′s(ρ)
|−h′′′s (ρ)hs(ρ) + h′′s(ρ)h′s(ρ)|
∂
∂ρ
and, since the sign of sK ′(ρ) is given by the sign of the expression −h′′′s (ρ)hs(ρ) +
h′′s(ρ)h′s(ρ), one gets
sX1 = (−1)s ∂
∂ρ
.
Now, let us define the following vector field on R2
X1(ρ, θ) =


rX1(ρ, θ), (ρ, θ) ∈ (ρ0,r, ρ0,r+1)×R, r = 2p ∈ Z+, p ≥ 1
−rX1(ρ, θ), (ρ, θ) ∈ (ρ0,r, ρ0,r+1)×R, r = 2p − 1 ∈ Z+, p ≥ 1
0X1(ρ, θ), (ρ, θ) ∈ (ρ0,−1, ρ0,1)× R
rX1(ρ, θ), (ρ, θ) ∈ (ρ0,r−1, ρ0,r)×R, r = 2p ∈ Z−, p ≤ −1
−rX1(ρ, θ), (ρ, θ) ∈ (ρ0,r−1, ρ0,r)×R, r = 2p + 1 ∈ Z−, p ≤ −1
∂
∂ρ , (ρ, θ) ∈ {ρ0,r} × R, r ∈ Z∗
.
In fact, the vector field X1 is given by X1 =
∂
∂ρ on R
2.
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Now, the vector field X1 determines uniquely a global vector field X2 by ask-
ing {X1(ρ, θ),X2(ρ, θ)} to be a positive orthonormal frame field in
(
R
2, g˜
)
, for any
(ρ, θ) ∈ R2. Obviously,
X2(ρ, θ) =


rX2(ρ, θ), (ρ, θ) ∈ (ρ0,r, ρ0,r+1)×R, r = 2p ∈ Z+, p ≥ 1
−rX2(ρ, θ), (ρ, θ) ∈ (ρ0,r, ρ0,r+1)×R, r = 2p − 1 ∈ Z+, p ≥ 1
0X2(ρ, θ), (ρ, θ) ∈ (ρ0,−1, ρ0,1)× R
rX2(ρ, θ), (ρ, θ) ∈ (ρ0,r−1, ρ0,r)×R, r = 2p ∈ Z−, p ≤ −1
−rX2(ρ, θ), (ρ, θ) ∈ (ρ0,r−1, ρ0,r)×R, r = 2p + 1 ∈ Z−, p ≤ −1
1
Γ(ρ0,r)
∂
∂θ , (ρ, θ) ∈ {ρ0,r} × R, r ∈ Z∗
,
that is X2 is given by X2 =
1
Γ(ρ)
∂
∂θ on R
2, where 1/Γ = F is given in (3.4).
In the following, we give some properties of X1 and X2.
Proposition 3.10. Let
(
R
2, g˜1,C
)
the above complete surface. Then, the Gaussian
curvature K˜1,C of
(
R
2, g˜1,C
)
satisfies 1−K˜1,C > 0 at any point, and the vector fields
X1 and X2 defined above, satisfy on R
2
(3.5)
∇X1X1 = ∇X1X2 = 0, ∇X2X2 = −
3X1K˜1,C
8
(
1− K˜1,C
)X1, ∇X2X1 = 3X1K˜1,C
8
(
1− K˜1,C
)X2.
Proof. The Gaussian curvature K˜1,C of
(
R
2, g˜1,C
)
satisfies
K˜1,C(ρ, θ) = K˜1,C(ρ) =


rK(ρ), (ρ, θ) ∈ (ρ0,r, ρ0,r+1)×R, r ≥ 1
0K(ρ), (ρ, θ) ∈ (ρ0,−1, ρ0,1)× R
rK(ρ), (ρ, θ) ∈ (ρ0,r−1, ρ0,r)×R, r ≤ −1
,
and
K˜1,C (ρ0,r) =


limρցρ0,r
rK(ρ) = limρրρ0,r
r−1K(ρ), r ≥ 1
limρրρ0,r
rK(ρ) = limρցρ0,r
r+1K(ρ), r ≤ −1
,
or, more precisely,
K˜1,C (ρ0,r) =


−19ξ
8/3
02 + 1, r = 2p, p ≥ 1
−19ξ
8/3
01 + 1, r = 2p− 1, p ≥ 1
−19ξ
8/3
01 + 1, r = 2p, p ≤ −1
−19ξ
8/3
02 + 1, r = 2p+ 1, p ≤ −1
.
Thus 1− K˜1,C > 0 everywhere.
In order to prove (3.5), we first work on (R \ {ρ0,r : r ∈ Z∗})× R and then, we
pass to the limit. 
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Now, we can state the following existence and uniqueness result that will play an
important role in the next section due to its uniqueness part.
Theorem 3.11. Let
(
R
2, g˜1,C
)
the above complete surface, C > 4/
√
3. Then,
there exists a unique biconservative immersion Φ1,C :
(
R
2, g˜1,C
) → S3. Moreover,
grad f1,C 6= 0 at any point of (R \ {ρ0,r : r ∈ Z∗}) × R, where f1,C is the mean
curvature function of the immersion Φ1,C .
Proof. First, we note that from Proposition 3.10 we know that the vector fields X1
and X2 on R
2, previously defined, satisfy (3.5) on R2.
In order to prove the existence of a biconservative immersion Φ :
(
R
2, g˜1,C
)→ S3,
let us define an operator A : C
(
TR2
)→ C (TR2) by
A (X1) = −
√
1− K˜1,C√
3
X1, A (X2) =
√
3
(
1− K˜1,C
)
X2.
We will prove that A satisfies the Gauss and the Codazzi equations. Indeed, since
the matrix of A with respect to {X1,X2} is
A =

 −
√
1−K˜1,C√
3
0
0
√
3
(
1− K˜1,C
)

 ,
it is clear that detA = −1 + K˜1,C , i.e., the Gauss equation is satisfied, and
f1,C = traceA =
2√
3
√
1− K˜1,C .
By some direct computations, also using (3.5), one obtains that
(∇X1A) (X2) = (∇X2A) (X1) ,
i.e., the Codazzi equation holds on R2.
Therefore, since R2 is simply connected, from the Fundamental Theorem of Sur-
faces in S3, it follows that there exists a unique, globally defined, isometric immer-
sion Φ1,C :
(
R
2, g˜1,C
) → S3 such that A is its shape operator. Moreover, Φ1,C is
biconservative as the operator A satisfies
A (grad f1,C) = −f1,C
2
grad f1,C .
Now, we will prove the uniqueness of the biconservative immersions from
(
R
2, g˜1,C
)
in S3. Let Φ1 and Φ2 two biconservative immersions from
(
R
2, g˜1,C
)
in S3. Obviously,
the restrictions of these immersions to (ρ0,r, ρ0,r+1)×R, with r ≥ 1, to (ρ0,−1, ρ0,1)×
R, or to (ρ0,r−1, ρ0,r)×R, with r ≤ −1, are biconservative. Therefore, using Theorem
2.9, it follows that grad f1 6= 0 and grad f2 6= 0 on ((ρ0,r, ρ0,r+1)× R, g˜1,C), with
r ≥ 1, on ((ρ0,−1, ρ0,1)× R, g˜1,C), and on ((ρ0,r−1, ρ0,r)× R, g˜1,C), with r ≤ −1, and
these restrictions are unique (up to isometries of S3).
It follows that there exists a family of isometries {sF}s∈Z of S3 which preserve its
orientation, such that
Φ2|(ρ0,s,ρ0,s+1)×R =
sF ◦Φ1|(ρ0,s,ρ0,s+1)×R , s ≥ 1
Φ2|(ρ0,−1,ρ0,1)×R =
0F ◦ Φ1|(ρ0,−1,ρ0,1)×R , s = 0
Φ2|(ρ0,s−1,ρ0,s)×R =
sF ◦ Φ1|(ρ0,s−1,ρ0,s)×R , s ≤ −1.
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Using the same argument as in Theorem 3.10 from [14], we can prove that sF =
s+1F , for any s ∈ Z, i.e., we have just one isometry of S3, so the uniqueness of
biconservative immersions from
(
R
2, g˜1,C
)
in S3 is proved. 
Remark 3.12. A more explicit expression of the immersion Φ1,C was obtained in
Theorem 4.18 from [13].
4. The uniqueness of simply connected, complete non-CMC
biconservative surfaces in N3(ǫ)
In this section, we will present a complete proof of the uniqueness for the case
ǫ = −1. The case ǫ = 0 is similar and we will omit its proof. For the last case ǫ = 1
we will point out only the differences that appear comparing to the case ǫ = −1.
4.1. The case ǫ = −1. We recall that in [14], in order to obtain complete bicon-
servative surfaces in H3, we first constructed a family of abstract complete surfaces(
R
2, g˜−1,C
)
, where C is a real constant, and then we obtained
Theorem 4.1 ([14]). There exists a unique biconservative immersion
Φ−1,C :
(
R
2, g˜−1,C
)→ H3.
Moreover, grad f−1,C 6= 0 at any point of R∗×R, where f−1,C is the mean curvature
function of the immersion Φ−1,C.
Remark 4.2. In the same paper [14], an explicit expression of the immersion Φ−1,C
was obtained.
In order to prove the main result of this section we first give
Proposition 4.3. Let Φ : M2 → H3 be a simply connected, complete, non-CMC
biconservative surface. Denote Ω = {p ∈M : (grad f)(p) 6= 0}. We have
(i) the open subset Ω cannot have only one connected component;
(ii) the subset Ω cannot have only two connected components Ω1 and Ω2 such
that the intersection of their boundaries in M , ∂MΩ1 ∩ ∂MΩ2, is the empty
set;
(iii) assume that there are two connected components of Ω, Ω1 and Ω2 such that
∂MΩ1 ∩ ∂MΩ2 = γ0(I), where γ0 : I → M is a smooth curve parametrized
by arc-length. Then M is isometric to
(
R
2, g˜−1,C
)
.
Proof. In order to prove (i), we assume that Ω has only one connected component,
i.e., Ω is connected. Then, it follows that Ω is isometric to an open connected subset
Ω˜ of ((0,∞) × R, g−1,C), for some real constant C.
If ∂MΩ = ∅, then Ω =M , that means Ω˜ is isometric to M . But this is false since
Ω˜ is not complete.
Assume now that ∂MΩ 6= ∅. First we note that grad f ∣∣
∂MΩ
= 0. It is known that
there exists a unique biconservative immersion from ((0,∞)× R, g−1,C), and then
from
(
R
2, g˜−1,C
)
in H3, Φ−1,C , which extends the composition between Φ
∣∣
Ω
and the
isometry between Ω and Ω˜.
Let p ∈ ∂MΩ. It follows that there exists a sequence in Ω that converges to p. This
sequence is a Cauchy sequence to whom it corresponds, through the isometry from
Ω to Ω˜, a sequence in Ω˜ which is also Cauchy. Now, as
(
R
2, g˜−1,C
)
is complete, it
follows that the Cauchy sequence in Ω˜ is also convergent to a point p˜ ∈ Ω˜R
2
\Int Ω˜ =
∂R
2
Ω˜. We note that p˜ is unique determined by p and, moreover, (grad f) (p) =
(grad f−1,C) (p˜) = 0. Analogously, to any point in ∂R
2
Ω˜ it corresponds a unique
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point in ∂MΩ. Now, since Ω˜ is an open connected subset of ((0,∞) × R, g−1,C) and
(grad f−1,C)
∣∣
∂R2 Ω˜
= 0, using the completeness of M we obtain that Ω˜ = (0,∞)×R.
We also note that ∂MΩ is an injective geodesic curve corresponding to θ → (0, θ)
(see Remark 3.8 in [14]). The boundary ∂MΩ is a closed, non-compact subset of M
and, moreover, it is a regular curve of M .
Further, let us consider p0 ∈ ∂MΩ and γ(t) a geodesic curve parametrized by
arc-length which is directed towards the exterior of Ω such that γ(0) = p0 and
γ′(0) is orthogonal to ∂MΩ. We take a sequence pn = γ (1/n), n ∈ N∗, that con-
verges to p0. It is clear that (pn) ⊂ Int(M \ Ω) = (M \ Ω) \
(
∂MΩ
)
and there-
fore (∆f) (pn) = (grad f) (pn) = 0. Passing to the limit for n → ∞, one obtains
(∆f) (p0) = (grad f) (p0) = 0.
On the other hand, from (2.1) with ǫ = −1, which holds on Ω, passing to the
limit we get
f (p0) (∆f) (p0) + |(grad f) (p0) |2 − 4
3
f2 (p0)− f4 (p0) = 0,
and, therefore f (p0) = 0. But this is a contradiction because
f (p0) = f−1,C (0, θ0) =
2
3
√
3
ξ
4/3
01 6= 0.
Now, to prove (ii), we assume that Ω has exactly two connected components Ω1 and
Ω2 such that ∂
MΩ1 ∩ ∂MΩ2 = ∅. As Ω1 is maximal it follows that grad f
∣∣
∂MΩ1
= 0.
Using the same ideas as in the proof of (i), we get that Ω1 is isometric to Ω˜1 =
(0,∞) × R and ∂MΩ1 is an injective geodesic curve corresponding to θ → (0, θ).
Further, we consider γ(t) a geodesic curve parametrized by arc-length which is
directed towards the exterior of Ω1 and starts on the boundary of Ω1. Since ∂
MΩ1∩
∂MΩ2 = ∅, we can choose a sequence pn = γ (1/n) ∈ Int(M \Ω) = (M \Ω)\
(
∂MΩ
)
,
for any n ∈ N∗, and, as in (i), we obtain a contradiction.
In the last part of the proof, we will show that if we assume that there are two
connected components of Ω, Ω1 and Ω2, such that ∂
MΩ1 ∩ ∂MΩ2 = γ0(I), where
γ0 : I →M is a curve parametrized by arc-length, thenM is isometric to
(
R2, g˜−1,C
)
.
First, we note that, since ∂MΩ1 and ∂
MΩ2 are geodesics and they coincide along
a curve, they coincide everywhere, i.e., ∂MΩ1 = ∂
MΩ2. As Ω1 is isometric to
((0,∞)× R, g−1,C) and Ω2 is isometric to
(
(0,∞)× R, g−1,C′
)
, from the continuity
of the Gaussian curvature on ∂MΩ1 we get C = C
′.
It follows that M = Ω1 ∪ ∂MΩ1 ∪ Ω2 and it is isometric to
(
R
2, g˜−1,C
)
.

Our result concerning the uniqueness is
Theorem 4.4. Let Φ : M2 → H3 be a simply connected, complete, non-CMC
biconservative surface. Then, up to isometries of the domain and codomain, M and
Φ are those given in Theorem 4.1.
Proof. Let Φ : M2 → H3 be a simply connected, complete, non-CMC biconserva-
tive surface. Then, from Proposition 4.3 we have that Ω has two connected com-
ponents, isometric one to another, with a common boundary and M is isometric to(
R
2, g˜−1,C
)
. Then, from Theorem 4.1 we conclude. 
4.2. The case ǫ = 0. We have the following uniqueness result
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Theorem 4.5. Let Φ : M2 → R3 be a simply connected, complete, non-CMC
biconservative surface. Then, up to isometries of the domain and codomain, M =(
R
2, g0,C = C(coshu)
6
(
du2 + dv2
))
and
Φ(u, v) =
(√
C
3
(cosh u)3 cos(3v),
√
C
3
(coshu)3 sin(3v),
√
C
2
(
1
2
sinh(2u) + u
))
,
where C is a positive real constant.
Remark 4.6. The expressions of M and Φ were given in [13] and the proof of
the above theorem is similar to the proof of Theorem 4.4, Ω having two connected
components.
4.3. The case ǫ = 1. We have the following uniqueness result
Theorem 4.7. Let Φ : M2 → S3 be a simply connected, complete, non-CMC
biconservative surface. Then, up to isometries of the domain and codomain, M and
Φ are those given in Theorem 3.11.
Proof. The proof follows the same lines as the proof of Theorem 4.4. We have a
similar result as in Proposition 4.3 (i), since here f21,C (ρ0,−1, θ0) and f
2
1,C (ρ0,1, θ0)
cannot be 0 or 4/3. But here, the set Ω has a countable number of connected
components {Ωs}s∈Z, any two of them being isometric one to another. The boundary
of any connected component Ωs is made up by two distinct injective geodesic curves
and the boundaries of Ωs and Ωs+1 have in common one injective geodesic curve.
Therefore, one obtains that M is isometric to
(
R
2, g˜1,C
)
and from Theorem 3.11 we
conclude. 
Remark 4.8. As an immediate consequence of Theorems 4.4, 4.5 and 4.7, it follows
that a simply connected, complete, non-CMC surface in N3(ǫ), with the topologic
interior of the set {p ∈M : (grad f)(p) = 0} being non-empty, cannot be biconser-
vative.
As we have already mentioned in [14], from Theorems 4.4 and 4.5 we deduce that
Theorem 4.9. If M is a compact biconservative surface in N3(ǫ), ǫ ∈ {−1, 0}, then
M is CMC.
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